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Abstract
We present exact calculations of the partition function of the zero-temperature Potts an-
tiferromagnet (equivalently, the chromatic polynomial) for graphs of arbitrarily great length
composed of repeated complete subgraphs Kb with b = 5, 6 which have periodic or twisted
periodic boundary condition in the longitudinal direction. In the Lx → ∞ limit, the con-
tinuous accumulation set of the chromatic zeros B is determined. We give some results for
arbitrary b including the extrema of the eigenvalues with coefficients of degree b − 1 and
the explicit forms of some classes of eigenvalues. We prove that the maximal point where B
crosses the real axis, qc, satisfies the inequality qc ≤ b for 2 ≤ b, the minimum value of q at
which B crosses the real q axis is q = 0, and we make a conjecture concerning the structure
of the chromatic polynomial for Klein bottle strips.
∗email: shu-chiuan.chang@sunysb.edu
I. INTRODUCTION
The q-state Potts antiferromagnet (AF) [1,2] exhibits nonzero ground state entropy, S0 >
0 (without frustration) for sufficiently large q on a given lattice Λ or, more generally, on a
graph G. This is equivalent to a ground state degeneracy per siteW > 1, since S0 = kB lnW .
There is a close connection with graph theory here, since the zero-temperature partition
function of the above-mentioned q-state Potts antiferromagnet on a graph G satisfies
Z(G, q, T = 0)PAF = P (G, q) , (1.1)
where P (G, q) is the chromatic polynomial expressing the number of ways of coloring the
vertices of the graph G with q colors such that no two adjacent vertices have the same color
(for reviews, see [3]- [5]). The minimum number of colors necessary for such a coloring of G
is called the chromatic number, χ(G). Thus
W ({G}, q) = lim
n→∞
P (G, q)1/n , (1.2)
where n is the number of vertices of G and {G} = limn→∞G. Where no confusion will
result, we shall sometimes write G rather than {G} for the infinite-length limit of a given
type of strip graph. At certain special points qs (typically qs = 0, 1, .., χ(G)), one has the
noncommutativity of limits
lim
q→qs
lim
n→∞
P (G, q)1/n 6= lim
n→∞
lim
q→qs
P (G, q)1/n , (1.3)
and hence it is necessary to specify the order of the limits in the definition of W ({G}, qs) [6].
Denoting Wqn and Wnq as the functions defined by the different order of limits on the left
and right-hand sides of (1.3), we take W ≡ Wqn here; this has the advantage of removing
certain isolated discontinuities that are present in Wnq.
Using the expression for P (G, q), one can generalize q from Z+ to C. The zeros of P (G, q)
in the complex q plane are called chromatic zeros; a subset of these may form an accumulation
set in the n→∞ limit, denoted B, which is the continuous locus of points where W ({G}, q)
is nonanalytic. 1 The maximal region in the complex q plane to which one can analytically
continue the function W ({G}, q) from physical values where there is nonzero ground state
entropy is denoted R1. The maximal value of q where B intersects the (positive) real axis
is labeled qc({G}). This point is important since W ({G}, q) is a real analytic function from
large values of q down to qc({G}).
1For some families of graphs B may be null, and W may also be nonanalytic at certain discrete points.
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Here we present exact calculations of the partition function of the chromatic polynomial
P (G, q) for graphs of arbitrarily great length composed of repeated complete subgraphs Kb
with b = 5, 6 which have periodic or twisted periodic boundary conditions in the longitudinal
direction.2 Thus, consider Lx copies of the complete graph KLy with vertex set V (KLy) =
{1, 2, ..., Ly}. Denote the edges joining each adjacent pair of KLy and K
′
Ly graphs as L =
{viv
′
j |i, j = 1, ..., Ly}, where vi, v
′
j are vertices of adjacent complete graphs KLy and K
′
Ly , and
impose periodic boundary conditions in the longitudinal direction, x. In [7], the graph with
Lx copies of KLy for arbitrary Lx and Ly was called the bracelet strip. The total number of
vertices is n = LxLy for these strips.
A generic form for chromatic polynomials for recursively defined families of graphs (fam-
ilies of graphs that can be constructed via repeated addition of some subgraph), of which
strip graphs Gs are special cases, is [8]
P ((Gs)m, q) =
NGs,λ∑
j=1
cGs,j(q)(λGs,j(q))
Lx , (1.4)
where cGs,j(q) and the NGs,λ terms λGs,j(q) depend on the type of strip graph Gs but are
independent of Lx.
For a given type of strip graph Gs, we denote the sum of the coefficients cGs,j as
C(Gs, q) =
NGs,λ∑
j=1
cGs,j(q) . (1.5)
Some works on calculations of chromatic polynomials for recursive families of graphs
include [9]- [49].
II. FAMILY OF TOROIDAL STRIPS
Specifically, we consider the set of edges linking two successive complete graphs on the
chain is L = {11, 22, 33, ..., LyLy}, which will be denoted as a torus. For Ly = 2, this is the
ladder graph with vertex set T2 = K2 [9]. For the graph with Ly = 3, 4, which has vertex
set C3 = K3 and K4, the chromatic polynomial was given in [10] and [11], respectively. In
[58,59], these families of graphs with linking edge sets {11, 22, 33, ..., bb} were denoted as
2Kn denotes the complete graph, i.e. the graph with n vertices such that each vertex is connected
by an edge to all of the other vertices.
2
Bm(b), where b = Ly, m = Lx. The corresponding Klein bottle strip is the same as the
toroidal strip except one of the linking edge set is {1Ly, 2(Ly − 1), ...Ly1}. The form of the
chromatic polynomials for the Bm(b) strips was determined to be
P (Bm(b), q) =
b∑
d=0
NBm(b),d,λ∑
j=1
cBm(b),d,j(q)c
′
Bm(b),d,j(λBm(b),d,j(q))
m , (2.1)
where d is the degree of the coefficient cBm(b),d,j(q) as a polynomial in q, and the c
′
Bm(b),d,j
’s are
numbers which depend on b. The structural feature that these coefficients can be grouped
into sets of fixed degree d is similar to that found in [14] for cyclic strips of the square and
triangular lattice, although for these bracelet chain graphs, for b ≥ 3, there is more than
one coefficient of a given degree (see [10] for the case b = 3), whereas in contrast, for the
cyclic strip graphs studied in [14] (and the self-dual family studied in [55]) there is only one
coefficient of each degree. The degree d is denoted as the ‘level’ in [60,58,59]. The λBm(b),d,j(q)
is the eigenvalue of an appropriately defined transfer matrix [37] and is a polynomial in q
of degree b − d. For sufficiently large integer q, the coefficient cBm(b),d,j(q)c
′
Bm(b),d,j
can be
interpreted as the multiplicity of this eigenvalue.
There are partitions associated with each d which were used to determine the forms of
cBm(b),d,j in [59]. For a partition X of d such that xd + xd−1 + ... + x1 = d and xd ≤ xd−1 ≤
... ≤ x1 where xi for 2 ≤ i ≤ d are non-negative integers and x1 is a positive integer, there
is an associated partition Y of d(d + 1)/2 such that yd + yd−1 + ... + y1 = d(d + 1)/2 and
yi = xi + d− i for 1 ≤ i ≤ d. Then the cBm(b),d,j for a partition X can be written as
cX,d =
1
d!
d∏
i=1
(q − yi) . (2.2)
For the partitions [d] and [1d], the associated λBm(b),d,j(q)’s were given in [58].
A. Ly = 5 toroidal strip
By using theorems in [58], we find the chromatic polynomial for Bm(5), i.e., the 5 ×
Lx strips with each transverse slice forming a K5 graph, and with edge linking set L =
{11, 22, 33, 44, 55} between two adjacent slices.
It is convenient to express the λ’s in term of the following functions [60]
fi(b, q) =
b−i∑
s=0
(−1)s
(
b− i
s
)
(q − i− s)(b−i−s) , (2.3)
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where q(k) is falling factorial defined as
q(k) =
k−1∏
s=0
(q − s) . (2.4)
Here we adopt the convention that fi(b, q) = 0 if b < i.
For the case b = 5, one has
f0(5, q) = q
5 − 15q4 + 95q3 − 325q2 + 609q − 501 (2.5)
f1(5, q) = q
4 − 14q3 + 77q2 − 200q + 209 (2.6)
f2(5, q) = q
3 − 12q2 + 50q − 73 (2.7)
f3(5, q) = q
2 − 9q + 21 (2.8)
f4(5, q) = q − 5 (2.9)
f5(5, q) = 1 , (2.10)
and the chromatic polynomial for the Bm(5) strip is
P (Bm(5), q) =
5∑
d=0
NBm(5),d,λ∑
j=1
cBm(5),d,j(q)c
′
Bm(5),d,j(λBm(5),d,j(q))
m , (2.11)
where NBm(5),d,λ’s are equal to 1, 2, 5, 9, 9, 1 for d from 0 to 5. We find that the total number
of distinct λ’s is
NP,Bm(5),λ =
5∑
d=0
NBm(5),d,λ = 27 . (2.12)
We note that our result (2.12) differs from the pattern NP,Bm(b),λ = 2
b that was found for
1 ≤ b ≤ 4, namelyNP,Bm(1),λ = 2, NP,Bm(2),λ = 2
2 [9], NP,Bm(3),λ = 2
3 [10], andNP,Bm(4),λ = 2
4
[11].
We calculate that the eigenvalue with coefficient of degree 0 in q is unique and is given
by
λBm(5),0,1 = f0(5, q) = q
5 − 15q4 + 95q3 − 325q2 + 609q − 501 . (2.13)
For the eigenvalues with coefficients of degree 1 in q we find
λBm(5),1,1 = −f1(5, q) + 4f2(5, q) = −q
4 + 18q3 − 125q2 + 400q − 501 (2.14)
λBm(5),1,2 = −f1(5, q)− f2(5, q) = −(q − 4)(q
3 − 9q2 + 29q − 34) . (2.15)
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Next, for the eigenvalues with coefficients of degree 2 in q we obtain
λBm(5),2,1 = f2(5, q)− 6f3(5, q) + 6f4(5, q) = q
3 − 18q2 + 110q − 229 (2.16)
λBm(5),2,2 = f2(5, q)− f3(5, q)− 4f4(5, q) = q
3 − 13q2 + 55q − 74 (2.17)
λBm(5),2,3 = f2(5, q) + 2f3(5, q) + 2f4(5, q) = q
3 − 10q2 + 34q − 41 (2.18)
λBm(5),2,4 = f2(5, q)− 3f3(5, q) = q
3 − 15q2 + 77q − 136 (2.19)
λBm(5),2,5 = f2(5, q) + 2f3(5, q) = q
3 − 10q2 + 32q − 31 . (2.20)
For 1 ≤ j ≤ 3 these λBm(5),2,j ’s correspond to the partition [2] and for j = 4, 5 to the partition
[11].
Proceeding to the eigenvalues with coefficients of degree 3, we find
λBm(5),3,1 = −f3(5, q) + 6f4(5, q)− 6f5(5, q) = −q
2 + 15q − 57 (2.21)
λBm(5),3,2 = −f3(5, q) + f4(5, q) + 4f5(5, q) = −q
2 + 10q − 22 (2.22)
λBm(5),3,3 = −f3(5, q)− 2f4(5, q)− 2f5(5, q) = −q
2 + 7q − 13 (2.23)
λBm(5),3,4 = −f3(5, q) + 4f4(5, q)− 2f5(5, q) = −q
2 + 13q − 43 (2.24)
λBm(5),3,5 = −f3(5, q) + f4(5, q) + f5(5, q) = −(q − 5)
2 (2.25)
λBm(5),3,6 = −f3(5, q)− f4(5, q) + 3f5(5, q) = −q
2 + 8q − 13 (2.26)
λBm(5),3,7 = −f3(5, q)− 3f4(5, q)− 3f5(5, q) = −(q − 3)
2 (2.27)
λBm(5),3,8 = −f3(5, q) + 2f4(5, q) = −q
2 + 11q − 31 (2.28)
λBm(5),3,9 = −f3(5, q)− 3f4(5, q) = −q
2 + 6q − 6 . (2.29)
5
Here the λBm(5),3,j for 1 ≤ j ≤ 3 correspond to the partition [3], for 4 ≤ j ≤ 7 to the partition
[21], and for j = 8, 9 to the partition [111].
For the eigenvalues with coefficients of degree 4 in q, we calculate
λBm(5),4,1 = f4(5, q)− 4f5(5, q) = q − 9 (2.30)
λBm(5),4,2 = f4(5, q) + f5(5, q) = q − 4 (2.31)
λBm(5),4,3 = f4(5, q)− 3f5(5, q) = q − 8 (2.32)
λBm(5),4,4 = f4(5, q) + 3f5(5, q) = q − 2 (2.33)
λBm(5),4,5 = f4(5, q) + 2f5(5, q) = q − 3 (2.34)
λBm(5),4,6 = f4(5, q) = q − 5 (2.35)
λBm(5),4,7 = f4(5, q)− 2f5(5, q) = q − 7 (2.36)
λBm(5),4,8 = f4(5, q)− f5(5, q) = q − 6 (2.37)
λBm(5),4,9 = f4(5, q) + 4f5(5, q) = q − 1 . (2.38)
Here the λBm(5),4,j for j = 1, 2 correspond to the partition [4], for j = 3, 5, 6 to the partition
[31], for j = 4, 6, 7 to the partition [211], for j = 5, 7 to the partition [22], and for j = 8, 9 to
the partition [1111]. Notice that the terms λBm(5),4,j for 5 ≤ j ≤ 7 involve degeneracies from
two different associated partitions.
Finally, for the eigenvalue with coefficient of degree 5, we have
λBm(5),5,1 = −f5(5, q) = −1 . (2.39)
This involves a degeneracy from all the possible partitions.
The coefficient cBm(5),d,j(q)c
′
Bm(5),d,j
of degree 0 in q is
cBm(5),0,1c
′
Bm(5),0,1 = 1 . (2.40)
The coefficients of degree 1 in q are
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cBm(5),1,1c
′
Bm(5),1,1 = q − 1 (2.41)
cBm(5),1,2c
′
Bm(5),1,2 = 4(q − 1) , (2.42)
where cBm(5),1,j = q − 1 for j = 1, 2, and c
′
Bm(5),1,j
= 1, 4 for j = 1, 2.
For d = 2, there are partitions [2] and [11], and the associated cX,2 are c[2],2 =
1
2
q(q − 3)
and c[11],2 =
1
2
(q − 1)(q − 2). The coefficients of degree 2 in q are listed in Table I
TABLE I. Coefficients of degree 2 in q for Bm(5) strip.
j partition c′Bm(5),2,j cBm(5),2,jc
′
Bm(5),2,j
1 [2] 1 12q(q − 3)
2 [2] 4 2q(q − 3)
3 [2] 5 52q(q − 3)
4 [11] 4 2(q − 1)(q − 2)
5 [11] 6 3(q − 1)(q − 2)
For d = 3, there are partitions [3], [21] and [111], and the associated cX,3 are c[3],3 =
1
6
q(q−1)(q−5), c[21],3 =
1
6
q(q−2)(q−4) and c[111],3 =
1
6
(q−1)(q−2)(q−3). The coefficients
of degree 3 in q are listed in Table II
TABLE II. Coefficients of degree 3 in q for Bm(5) strip.
j partition c′Bm(5),3,j cBm(5),3,jc
′
Bm(5),3,j
1 [3] 1 16q(q − 1)(q − 5)
2 [3] 4 23q(q − 1)(q − 5)
3 [3] 5 56q(q − 1)(q − 5)
4 [21] 8 43q(q − 2)(q − 4)
5 [21] 10 53q(q − 2)(q − 4)
6 [21] 12 2q(q − 2)(q − 4)
7 [21] 10 53q(q − 2)(q − 4)
8 [111] 6 (q − 1)(q − 2)(q − 3)
9 [111] 4 23 (q − 1)(q − 2)(q − 3)
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For d = 4, there are partitions [4], [31], [22], [211] and [1111], and the associated cX,4 are
c[4],4 =
1
24
q(q−1)(q−2)(q−7), c[31],4 =
1
24
q(q−1)(q−3)(q−6), c[22],4 =
1
24
q(q−1)(q−4)(q−5),
c[211],4 =
1
24
q(q−2)(q−3)(q−5), and c[1111],4 =
1
24
(q−1)(q−2)(q−3)(q−4). The coefficients
of degree 4 in q are listed in Table III
TABLE III. Coefficients of degree 4 in q for Bm(5) strip.
j partition c′Bm(5),4,j cBm(5),4,jc
′
Bm(5),4,j
1 [4] 1 124q(q − 1)(q − 2)(q − 7)
2 [4] 4 16q(q − 1)(q − 2)(q − 7)
3 [31] 12 12q(q − 1)(q − 3)(q − 6)
4 [211] 12 12q(q − 2)(q − 3)(q − 5)
5 [31] 18 16q(q − 1)(7q
2 − 63q + 131)
[22] 10
6 [31] 15 54q(q − 3)(q
2 − 7q + 8)
[211] 15
7 [211] 18 16q(q − 5)(7q
2 − 35q + 37)
[22] 10
8 [1111] 4 16(q − 1)(q − 2)(q − 3)(q − 4)
9 [1111] 1 124 (q − 1)(q − 2)(q − 3)(q − 4)
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Finally, the coefficient of degree 5 in q is given by
cBm(5),5,1c
′
Bm(5),5,1 = q
5 − 15q4 + 75q3 − 145q2 + 89q − 1 . (2.43)
The sum of all the coefficients is equal to
C(Bm(5), q) =
5∑
d=0
NBm(5),d,λ∑
j=1
cBm(5),d,j(q)c
′
Bm(5),d,j
= q(q − 1)(q − 2)(q − 3)(q − 4) = P (K5, q) . (2.44)
The chromatic number is χ(Bm(5)) = 5.
The locus B and chromatic zeros for the Bm(5) strip with Lx = m = 20 are shown in
Fig. 1. The locus B crosses the real q-axis at q = 0, 2, 4 and qc(Bm(5)), where
qc(Bm(5)) ≃ 4.50634 · · · . (2.45)
-1 0 1 2 3 4 5
Re(q)
-4
-3
-2
-1
0
1
2
3
4
Im(q)
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FIG. 1. Locus B for the m → ∞ limit of the family Bm(5) with toroidal boundary conditions and
chromatic zeros for Bm(5) with m = 20 (i.e., n = 100).
The locus B has support for Re(q) ≥ 0, and separates the q plane into four regions. The
outermost one, region R1, extends to infinite |q| and includes the intervals q ≥ qc(Bm(5)) and
q ≤ 0 on the real q axis. Region R2 includes the real interval 4 ≤ q ≤ qc(Bm(5)), region R3
includes the real interval 2 ≤ q ≤ 4, while region R4 includes the real interval 0 ≤ q ≤ 2. In
regions Ri, 1 ≤ i ≤ 4, the dominant terms are λBm(5),0,1, λBm(5),3,1, λBm(5),2,1, and λBm(5),1,1,
respectively. Thus, the qc(Bm(5)) given in (2.45) is the degeneracy between |λBm(5),0,1| and
|λBm(5),3,1|, and is the real solution of q
5 − 15q4 + 95q3 − 326q2 + 624q − 558 = 0.
B. Ly = 6 toroidal strip
We have also succeeded in obtaining the chromatic polynomial for Bm(6), i.e., the 6 ×
Lx strips with each transverse slice forming a K6 graph, and with edge linking set L =
{11, 22, 33, 44, 55, 66} between two adjacent slices.
For b = 6, one has
f0(6, q) = q
6 − 21q5 + 190q4 − 965q3 + 2944q2 − 5155q + 4051 (2.46)
f1(6, q) = q
5 − 20q4 + 165q3 − 710q2 + 1609q − 1546 (2.47)
f2(6, q) = q
4 − 18q3 + 125q2 − 400q + 501 (2.48)
f3(6, q) = q
3 − 15q2 + 77q − 136 (2.49)
f4(6, q) = q
2 − 11q + 31 (2.50)
f5(6, q) = q − 6 (2.51)
f6(6, q) = 1 , (2.52)
and the chromatic polynomial for the Bm(6) strip is
P ((Bm(6), q) =
6∑
d=0
NBm(6),d,λ∑
j=1
cBm(6),d,j(q)c
′
Bm(6),d,j(λBm(6),d,j(q))
m , (2.53)
where NBm(6),d,λ’s are equal to 1, 2, 5, 10, 16, 11, 1 for d from 0 to 6. We find that the total
number of distinct λ’s is
NP,Bm(6),λ = 46 . (2.54)
The eigenvalue with coefficient of degree 0 in q is unique and is given by
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λBm(6),0,1 = f0(6, q) = q
6 − 21q5 + 190q4 − 965q3 + 2944q2 − 5155q + 4051 . (2.55)
For the eigenvalues with coefficients of degree 1 in q we have
λBm(6),1,1 = −f1(6, q) + 5f2(6, q) = −q
5 + 25q4 − 255q3 + 1335q2 − 3609q + 4051 (2.56)
λBm(6),1,2 = −f1(6, q)− f2(6, q) = −(q − 5)(q
4 − 14q3 + 77q2 − 200q + 209) . (2.57)
For the eigenvalues with coefficients of degree 2 in q we find
λBm(6),2,1 = f2(6, q)− 8f3(6, q) + 12f4(6, q) = q
4 − 26q3 + 257q2 − 1148q + 1961 (2.58)
λBm(6),2,2 = f2(6, q)− 2f3(6, q)− 6f4(6, q) = q
4 − 20q3 + 149q2 − 488q + 587 (2.59)
λBm(6),2,3 = f2(6, q) + 2f3(6, q) + 2f4(6, q) = q
4 − 16q3 + 97q2 − 268q + 291 (2.60)
λBm(6),2,4 = f2(6, q)− 4f3(6, q) = q
4 − 22q3 + 185q2 − 708q + 1045 (2.61)
λBm(6),2,5 = f2(6, q) + 2f3(6, q) = q
4 − 16q3 + 95q2 − 246q + 229 . (2.62)
For 1 ≤ j ≤ 3, these λBm(6),2,j correspond to the partition [2] and for j = 4, 5 to the partition
[11].
For the eigenvalues with coefficients of degree 3 in q we obtain
λBm(6),3,1 = −f3(6, q) + 9f4(6, q)− 18f5(6, q) + 6f6(6, q) = −q
3 + 24q2 − 194q + 529 (2.63)
λBm(6),3,2 = −f3(6, q) + 3f4(6, q) + 6f5(6, q)− 6f6(6, q) = −q
3 + 18q2 − 104q + 187 (2.64)
λBm(6),3,3 = −f3(6, q)− f4(6, q) + 2f5(6, q) + 6f6(6, q) = −q
3 + 14q2 − 64q + 99 (2.65)
λBm(6),3,4 = −f3(6, q)− 3f4(6, q)− 6f5(6, q)− 6f6(6, q) = −q
3 + 12q2 − 50q + 73 (2.66)
λBm(6),3,5 = −f3(6, q) + 6f4(6, q)− 6f5(6, q) = −q
3 + 21q2 − 149q + 358 (2.67)
λBm(6),3,6 = −f3(6, q) + 2f4(6, q) + 2f5(6, q) = −(q − 6)(q
2 − 11q + 31) (2.68)
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λBm(6),3,7 = −f3(6, q) + 6f5(6, q) = −q
3 + 15q2 − 71q + 100 (2.69)
λBm(6),3,8 = −f3(6, q)− 3f4(6, q)− 3f5(6, q) = −q
3 + 12q2 − 47q + 61 (2.70)
λBm(6),3,9 = −f3(6, q) + 3f4(6, q) = −q
3 + 18q2 − 110q + 229 (2.71)
λBm(6),3,10 = −f3(6, q)− 3f4(6, q) = −q
3 + 12q2 − 44q + 43 . (2.72)
Here the λBm(6),3,j for 1 ≤ j ≤ 4 correspond to the partition [3], for 5 ≤ j ≤ 8 to the partition
[21], and for j = 9, 10 to the partition [111].
Proceeding to the eigenvalues with coefficients of degree 4 in q we calculate
λBm(6),4,1 = f4(6, q)− 8f5(6, q) + 12f6(6, q) = q
2 − 19q + 91 (2.73)
λBm(6),4,2 = f4(6, q)− 2f5(6, q)− 6f6(6, q) = q
2 − 13q + 37 (2.74)
λBm(6),4,3 = f4(6, q) + 2f5(6, q) + 2f6(6, q) = q
2 − 9q + 21 (2.75)
λBm(6),4,4 = f4(6, q)− 6f6(6, q) = q
2 − 11q + 25 (2.76)
λBm(6),4,5 = f4(6, q)− 2f5(6, q)− 2f6(6, q) = q
2 − 13q + 41 (2.77)
λBm(6),4,6 = f4(6, q) = q
2 − 11q + 31 (2.78)
λBm(6),4,7 = f4(6, q) + 3f5(6, q) + 3f6(6, q) = (q − 4)
2 (2.79)
λBm(6),4,8 = f4(6, q)− 6f5(6, q) + 6f6(6, q) = q
2 − 17q + 73 (2.80)
λBm(6),4,9 = f4(6, q) + f5(6, q)− 3f6(6, q) = q
2 − 10q + 22 (2.81)
λBm(6),4,10 = f4(6, q) + 4f5(6, q) + 6f6(6, q) = q
2 − 7q + 13 (2.82)
λBm(6),4,11 = f4(6, q)− 4f5(6, q) + 2f6(6, q) = q
2 − 15q + 57 (2.83)
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λBm(6),4,12 = f4(6, q) + 2f5(6, q)− 4f6(6, q) = q
2 − 9q + 15 (2.84)
λBm(6),4,13 = f4(6, q)− f5(6, q)− f6(6, q) = (q − 6)
2 (2.85)
λBm(6),4,14 = f4(6, q) + 4f5(6, q) + 4f6(6, q) = q
2 − 7q + 11 (2.86)
λBm(6),4,15 = f4(6, q)− 2f5(6, q) = q
2 − 13q + 43 (2.87)
λBm(6),4,16 = f4(6, q) + 4f5(6, q) = q
2 − 7q + 7 . (2.88)
Here the λBm(6),4,j for 1 ≤ j ≤ 3 correspond to the partition [4], for 4 ≤ j ≤ 8 to the partition
[31], for 9 ≤ j ≤ 11 to the partition [22], for 11 ≤ j ≤ 14 to the partition [211], and for
j = 15, 16 to the partition [1111]. Notice that the term λBm(6),4,11 involves a degeneracy from
two different associated partitions.
For the eigenvalues with coefficients of degree 5 in q we find
λBm(6),5,1 = −f5(6, q) + 5f6(6, q) = −q + 11 (2.89)
λBm(6),5,2 = −f5(6, q)− f6(6, q) = −q + 5 (2.90)
λBm(6),5,3 = −f5(6, q) + 4f6(6, q) = −q + 10 (2.91)
λBm(6),5,4 = −f5(6, q) = −q + 6 (2.92)
λBm(6),5,5 = −f5(6, q)− 2f6(6, q) = −q + 4 (2.93)
λBm(6),5,6 = −f5(6, q) + 3f6(6, q) = −q + 9 (2.94)
λBm(6),5,7 = −f5(6, q) + f6(6, q) = −q + 7 (2.95)
λBm(6),5,8 = −f5(6, q)− 3f6(6, q) = −q + 3 (2.96)
λBm(6),5,9 = −f5(6, q) + 2f6(6, q) = −q + 8 (2.97)
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λBm(6),5,10 = −f5(6, q)− 4f6(6, q) = −q + 2 (2.98)
λBm(6),5,11 = −f5(6, q)− 5f6(6, q) = −q + 1 . (2.99)
Here λBm(6),5,j for j = 1, 2 correspond to the partition [5], for 3 ≤ j ≤ 5 to the partition [41],
for 5 ≤ j ≤ 7 to the partition [32], for j = 4, 6, 8 to the partition [311], for j = 2, 8, 9 to
the partition [221], for j = 4, 9, 10 to the partition [2111], and for j = 7, 11 to the partition
[11111]. Notice that the terms λBm(6),5,j for j = 2 and 5 ≤ j ≤ 9 involve degeneracies from
two different associated partitions, and for j = 4 from three associated partitions.
Finally, for the eigenvalue with coefficient of degree 6 in q we have
λBm(6),6,1 = f6(6, q) = 1 . (2.100)
This involves a degeneracy from all the possible partitions.
The coefficient cBm(6),d,j(q)c
′
Bm(6),d,j
of degree 0 in q is
cBm(6),0,1c
′
Bm(6),0,1 = 1 . (2.101)
The coefficients of degree 1 in q are
cBm(6),1,1c
′
Bm(6),1,1 = q − 1 (2.102)
cBm(6),1,2c
′
Bm(6),1,2 = 5(q − 1) , (2.103)
where cBm(6),1,j = q − 1 for j = 1, 2, and c
′
Bm(6),1,j
= 1, 5 for j = 1, 2.
The coefficients of degree 2 in q are listed in Table IV
TABLE IV. Coefficients of degree 2 in q for Bm(6) strip.
j partition c′Bm(6),2,j cBm(6),2,jc
′
Bm(6),2,j
1 [2] 1 12q(q − 3)
2 [2] 5 52q(q − 3)
3 [2] 9 92q(q − 3)
4 [11] 5 52(q − 1)(q − 2)
5 [11] 10 5(q − 1)(q − 2)
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The coefficients of degree 3 in q are listed in Table V
TABLE V. Coefficients of degree 3 in q for Bm(6) strip.
j partition c′Bm(6),3,j cBm(6),3,jc
′
Bm(6),3,j
1 [3] 1 16q(q − 1)(q − 5)
2 [3] 5 56q(q − 1)(q − 5)
3 [3] 9 32q(q − 1)(q − 5)
4 [3] 5 56q(q − 1)(q − 5)
5 [21] 10 53q(q − 2)(q − 4)
6 [21] 18 3q(q − 2)(q − 4)
7 [21] 20 103 q(q − 2)(q − 4)
8 [21] 32 163 q(q − 2)(q − 4)
9 [111] 10 53 (q − 1)(q − 2)(q − 3)
10 [111] 10 53 (q − 1)(q − 2)(q − 3)
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The coefficients of degree 4 in q are listed in Table VI
TABLE VI. Coefficients of degree 4 in q for Bm(6) strip.
j partition c′Bm(6),4,j cBm(6),4,jc
′
Bm(6),4,j
1 [4] 1 124q(q − 1)(q − 2)(q − 7)
2 [4] 5 524q(q − 1)(q − 2)(q − 7)
3 [4] 9 38q(q − 1)(q − 2)(q − 7)
4 [31] 30 54q(q − 1)(q − 3)(q − 6)
5 [31] 27 98q(q − 1)(q − 3)(q − 6)
6 [31] 15 58q(q − 1)(q − 3)(q − 6)
7 [31] 48 2q(q − 1)(q − 3)(q − 6)
8 [31] 15 58q(q − 1)(q − 3)(q − 6)
9 [22] 32 43q(q − 1)(q − 4)(q − 5)
10 [22] 10 512q(q − 1)(q − 4)(q − 5)
11 [22] 18 12q(q − 5)(2q − 3)(2q − 7)
[211] 30
12 [211] 30 54q(q − 2)(q − 3)(q − 5)
13 [211] 48 2q(q − 2)(q − 3)(q − 5)
14 [211] 27 98q(q − 2)(q − 3)(q − 5)
15 [1111] 10 512 (q − 1)(q − 2)(q − 3)(q − 4)
16 [1111] 5 524 (q − 1)(q − 2)(q − 3)(q − 4)
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For d = 5, there are partitions [5], [41], [32], [311], [221], [2111] and [11111], and the
associated cX,5 are c[5],5 =
1
120
q(q − 1)(q − 2)(q − 3)(q − 9), c[41],5 =
1
120
q(q − 1)(q − 2)(q −
4)(q − 8), c[32],5 =
1
120
q(q− 1)(q − 2)(q − 5)(q− 7), c[311],5 =
1
120
q(q − 1)(q − 3)(q− 4)(q − 7),
c[221],5 =
1
120
q(q − 1)(q − 3)(q − 5)(q − 6), c[2111],5 =
1
120
q(q − 2)(q − 3)(q − 4)(q − 6), and
c[11111],5 =
1
120
(q − 1)(q − 2)(q − 3)(q − 4)(q − 5). We list the coefficients of degree 5 in q in
Table VII
TABLE VII. Coefficients of degree 5 in q for Bm(6) strip.
j partition c′Bm(6),5,j cBm(6),5,jc
′
Bm(6),5,j
1 [5] 1 1120q(q − 1)(q − 2)(q − 3)(q − 9)
2 [5] 5 14q(q − 1)(q − 3)(q − 4)(q − 7)
[221] 25
3 [41] 20 16q(q − 1)(q − 2)(q − 4)(q − 8)
4 [41] 36 15q(q − 4)(7q
3 − 77q2 + 217q − 162)
[311] 96
[2111] 36
5 [41] 40 q(q − 1)(q − 2)(q2 − 12q + 34)
[32] 80
6 [32] 45 18q(q − 1)(q − 7)(7q
2 − 49q + 78)
[311] 60
7 [32] 25 14(q − 1)(q − 2)(q − 5)(q
2 − 7q + 2)
[11111] 5
8 [311] 60 18q(q − 1)(q − 3)(7q
2 − 77q + 202)
[221] 45
9 [221] 80 q(q − 3)(q − 6)(q2 − 6q + 6)
[2111] 40
10 [2111] 20 16q(q − 2)(q − 3)(q − 4)(q − 6)
11 [11111] 1 1120(q − 1)(q − 2)(q − 3)(q − 4)(q − 5)
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Finally, the coefficient of degree 6 is
cBm(6),6,1c
′
Bm(6),6,1 = q
6 − 21q5 + 160q4 − 545q3 + 814q2 − 415q + 1 . (2.104)
The sum of all the coefficients is equal to
C(Bm(6), q) =
6∑
d=0
NBm(6),d,λ∑
j=1
cBm(6),d,j(q)c
′
Bm(6),d,j
= q(q − 1)(q − 2)(q − 3)(q − 4)(q − 5) = P (K6, q) . (2.105)
The chromatic number is χ(Bm(6)) = 6.
The locus B and chromatic zeros for the Bm(6) strip with Lx = m = 15 are shown in
Fig. 2. The locus B crosses the real q-axis at q = 0, 2, 4 and qc(Bm(6)), where
qc(Bm(6)) ≃ 5.3236 · · · . (2.106)
0 1 2 3 4 5 6
Re(q)
-4
-3
-2
-1
0
1
2
3
4
Im(q)
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FIG. 2. Locus B for the m → ∞ limit of the family Bm(6) with toroidal boundary conditions and
chromatic zeros for Bm(6) with m = 15 (i.e., n = 90).
The locus B has support for Re(q) ≥ 0, and separates the q plane into four regions. The
outermost one, region R1, extends to infinite |q| and includes the intervals q ≥ qc(Bm(6)) and
q ≤ 0 on the real q axis. Region R2 includes the real interval 4 ≤ q ≤ qc(Bm(6)), region R3
includes the real interval 2 ≤ q ≤ 4, while region R4 includes the real interval 0 ≤ q ≤ 2. In
regions Ri, 1 ≤ i ≤ 4, the dominant terms are λBm(6),0,1, λBm(6),3,1, λBm(6),2,1, and λBm(6),1,1,
respectively. Thus, the qc(Bm(6)) given in (2.106) is the degeneracy between |λBm(6),0,1| and
|λBm(6),3,1|, and is the real solution of q
5 − 19q4 + 152q3 − 660q2 + 1600q − 1761 = 0.
III. FAMILY OF KLEIN BOTTLE STRIPS
Consider the graph with Lx set of Kb with Lx − 1 edge linking sets {11, 22, ..., bb} and
one edge linking set {1b, 2(b−1), ..., b1}. This is the Klein bottle strip and will be denoted as
B¯m(b). The chromatic polynomials has the same form as given in eq. (2.1), and the λ’s are
the same as those of the corresponding toroidal strip with the same b. The only difference
is the coefficients.
A. Ly = 5 Klein bottle strip
For b = 5 considered here, the coefficients cB¯m(5),d,j(q)c
′
B¯m(5),d,j
are summarized in Table
VIII
TABLE VIII. Coefficients for B¯m(5) strip.
d j partition c′
B¯m(5),d,j
cB¯m(5),d,jc
′
B¯m(5),d,j
0 1 [0] 1 1
1 1 [1] 1 q − 1
1 2 [1] 0 0
2 1 [2] 1 12q(q − 3)
2 2 [2] 0 0
2 3 [2] 1 12q(q − 3)
2 4 [11] 0 0
2 5 [11] −2 −(q − 1)(q − 2)
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3 1 [3] 1 16q(q − 1)(q − 5)
3 2 [3] 0 0
3 3 [3] 1 16q(q − 1)(q − 5)
3 4 [21] 0 0
3 5 [21] 2 13q(q − 2)(q − 4)
3 6 [21] −4 −23q(q − 2)(q − 4)
3 7 [21] 2 13q(q − 2)(q − 4)
3 8 [111] −2 −13(q − 1)(q − 2)(q − 3)
3 9 [111] 0 0
4 1 [4] 1 124q(q − 1)(q − 2)(q − 7)
4 2 [4] 0 0
4 3 [31] 0 0
4 4 [211] 0 0
4 5 [31] −6 −16q(q − 1)(q
2 − 9q + 17)
[22] 2
4 6 [31] 3 14q(q − 3)(q
2 − 7q + 8)
[211] 3
4 7 [211] −6 −16q(q − 5)(q
2 − 5q + 7)
[22] 2
4 8 [1111] 0 0
4 9 [1111] 1 124 (q − 1)(q − 2)(q − 3)(q − 4)
5 1 see text q − 1
where for d = 5, it involves all possible partitions with appropriate c′
B¯m(5),5,j
which are not
listed here. Notice that the coefficients for λB¯m(5),d,j with (d, j) = (1, 2), (2, 2), (2, 4), (3, 2),
(3, 4), (3, 9), (4, 2), (4, 3), (4, 4), (4, 8) are zero, i.e., these ten λ’s do not contribute to the
chromatic polynomial of the Klein bottle strip. We thus find that the total number of distinct
λ’s for the b = 5 Klein bottle strip with indicated linking is
NP,B¯m(5),λ = 17 . (3.1)
The sum of all of the coefficients for the Klein bottle strip is
C(B¯m(5), q) =
5∑
d=0
NB¯m(5),d,λ∑
j=1
cB¯m(5),d,j(q)c
′
B¯m(5),d,j
= 0 , (3.2)
which is easy to understand by the coloring argument.
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B. Ly = 6 Klein bottle strip
For b = 6, the coefficients cB¯m(6),d,j(q)c
′
B¯m(6),d,j
are summarized in Table IX
TABLE IX. Coefficients for B¯m(6) strip.
d j partition c′
B¯m(6),d,j
cB¯m(6),d,jc
′
B¯m(6),d,j
0 1 [0] 1 1
1 1 [1] 1 q − 1
1 2 [1] −1 −(q − 1)
2 1 [2] 1 12q(q − 3)
2 2 [2] −1 −12q(q − 3)
2 3 [2] 3 32q(q − 3)
2 4 [11] −1 −12(q − 1)(q − 2)
2 5 [11] −2 −(q − 1)(q − 2)
3 1 [3] 1 16q(q − 1)(q − 5)
3 2 [3] −1 −16q(q − 1)(q − 5)
3 3 [3] 3 12q(q − 1)(q − 5)
3 4 [3] −3 −12q(q − 1)(q − 5)
3 5 [21] −2 −13q(q − 2)(q − 4)
3 6 [21] 6 q(q − 2)(q − 4)
3 7 [21] −4 −23q(q − 2)(q − 4)
3 8 [21] 0 0
3 9 [111] −2 −13(q − 1)(q − 2)(q − 3)
3 10 [111] 2 13 (q − 1)(q − 2)(q − 3)
4 1 [4] 1 124q(q − 1)(q − 2)(q − 7)
4 2 [4] −1 − 124q(q − 1)(q − 2)(q − 7)
4 3 [4] 3 18q(q − 1)(q − 2)(q − 7)
4 4 [31] −6 −14q(q − 1)(q − 3)(q − 6)
4 5 [31] 9 38q(q − 1)(q − 3)(q − 6)
4 6 [31] −9 −38q(q − 1)(q − 3)(q − 6)
4 7 [31] 0 0
4 8 [31] −3 −18q(q − 1)(q − 3)(q − 6)
4 9 [22] 0 0
4 10 [22] 6 14q(q − 1)(q − 4)(q − 5)
4 11 [22] 6 −12q(q − 5)
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[211] −6
4 12 [211] 6 14q(q − 2)(q − 3)(q − 5)
4 13 [211] 0 0
4 14 [211] −9 −38q(q − 2)(q − 3)(q − 5)
4 15 [1111] 2 112 (q − 1)(q − 2)(q − 3)(q − 4)
4 16 [1111] 1 124 (q − 1)(q − 2)(q − 3)(q − 4)
5 1 [5] 1 1120q(q − 1)(q − 2)(q − 3)(q − 9)
5 2 [5] −1 160q(q − 1)(q − 3)(7q
2 − 77q + 216)
[221] 15
5 3 [41] −4 − 130q(q − 1)(q − 2)(q − 4)(q − 8)
5 4 [41] 12 −q(q − 2)(q − 4)
[2111] −12
5 5 [41] −8 − 115q(q − 1)(q − 2)(q − 4)(q − 8)
5 6 [32] 15 140q(q − 1)(q − 7)(q
2 − 7q + 2)
[311] −12
5 7 [32] −15 − 160(q − 1)(q − 2)(q − 5)(7q
2 − 49q − 6)
[11111] 1
5 8 [311] 12 − 140q(q − 1)(q − 3)(q
2 − 11q + 38)
[221] −15
5 9 [2111] 8 115q(q − 2)(q − 3)(q − 4)(q − 6)
5 10 [2111] 4 130q(q − 2)(q − 3)(q − 4)(q − 6)
5 11 [11111] −1 − 1120(q − 1)(q − 2)(q − 3)(q − 4)(q − 5)
6 1 see text −1
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where for d = 6, it involves all possible partitions with appropriate c′
B¯m(6),6,j
which are not
listed here. Notice that the coefficients for λB¯m(6),d,j with (d, j) = (3, 8), (4, 7), (4, 9), (4, 13)
are zero, i.e., these four λ’s do not contribute to the chromatic polynomial of the Klein bottle
strip. We thus find that the total number of distinct λ’s for the b = 6 Klein bottle strip with
indicated linking is
NP,B¯m(6) = 42 . (3.3)
The sum of all of the coefficients for the Klein bottle strip is again zero,
C(B¯m(6), q) =
6∑
d=0
NB¯m(6),d,λ∑
j=1
cB¯m(6),d,j(q)c
′
B¯m(6),d,j
= 0 . (3.4)
IV. PROPERTIES OF EIGENVALUES, COEFFICIENTS, AND B
We first list the number of eigenvalues, NBm(b),d,λ, for 1 ≤ b ≤ 6, 0 ≤ d ≤ b, the total
number of eigenvalues, NP,Bm(b),λ, and the points at which B crosses the real q axis, as well
as the corresponding values for the Klein bottle strips in Table X.
TABLE X. Properties of P and B for strip graphs Bm(b) and B¯m(b). The properties apply for a given
strip of size Ly×Lx; some apply for arbitrary Lx, such asNP,Bm(b),λ, while others apply for the infinite-length
limit, such as the properties of the locus B. For the boundary conditions in the y and x directions (BCy ,
BCx), P, and T denote periodic, and orientation-reversed (twisted) periodic. NBm(b),d,λ’s are abbreviated
as Nd,λ, NP,Bm(b),λ is abbreviated as NP,λ, and similarly for B¯m(b) strips. The blank entries are zero. The
column denoted BCR lists the points at which B crosses the real q axis; the largest of these is qc(Bm(b))
for the given family Bm(b) or B¯m(b). Column labelled “SN” refers to whether B has support for negative
Re(q), indicated as yes (y) or no (n).
b BCy BCx N0,λ N1,λ N2,λ N3,λ N4,λ N5,λ N6,λ NP,λ BCR SN
1 P P 1 1 2 0, 2 n
2 P P 1 2 1 4 0, 2 n
2 P TP 1 2 1 4 0, 2 n
3 P P 1 2 4 1 8 0, 2, 3 n
3 P TP 1 1 2 1 5 0, 2, 3 n
4 P P 1 2 5 7 1 16 0, 2, 3.67 n
4 P TP 1 2 5 7 1 16 0, 2, 3.67 n
5 P P 1 2 5 9 9 1 27 0, 2, 4, 4.51 n
5 P TP 1 1 3 6 5 1 17 0, 2, 4, 4.51 n
6 P P 1 2 5 10 16 11 1 46 0, 2, 4, 5.32 n
6 P TP 1 2 5 9 13 11 1 42 0, 2, 4, 5.32 n
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We conjecture the following q value at which B crosses the real axis for the Bm(b) strips,
B ⊃ {q = 0, 2, 4, ..., 2[
b− 1
2
], qc(Bm(b))} . (4.1)
where [ν] denotes the integral part of ν, and the dominant eigenvalue in interval between
2(d′ − 1) and 2d′ is λBm(b),d′,1 for 1 ≤ d
′ ≤ [ b+1
2
].
The upper and lower bounds for the eigenvalues with coefficients of degree b− 1 can be
determined in the following theorem.
Theorem 1 The eigenvalues with coefficients of degree b − 1 are bounded between
(−1)b−1(q − 1) and (−1)b−1(q − 2b+ 1).
Proof. Denote the b! × b! matrix for the eigenvalues with coefficients of degree b − 1
as Mb−1. By theorem 2 of [58], the diagonal elements of Mb−1 are all the same to be
(−1)b−1fb−1(b, q) = (−1)
b−1(q − b), and other non-zero elements of Mb−1 are all the same
to be (−1)bfb(b, q) = (−1)
b. Now consider M ′b−1 = Mb−1 − (−1)
b−1(q − b)I, where I is the
b!× b! identity matrix. The number of non-zero elements, (−1)b, in every row and columns
of M ′b−1 is b− 1 by the construction of the matrix. If we denote the eigenvalues of M
′
b−1 as
λ′ and the normalized eigenvector of M ′b−1 as W
T = (w1, w2, ..., wb!), then we have
M ′b−1W = λ
′W
⇒ |M ′b−1W |
2 = |λ′W |2
⇒ (b− 1)(w21 + w
2
2 + ...w
2
b!) + 2
∑
i,j,i 6=j
wiwj = λ
′2(w21 + w
2
2 + ...w
2
b!)
⇒ λ′2 = b− 1 + 2
∑
i,j,i 6=j
wiwj , (4.2)
where we sum all the possible multiplications of two different wi and wj in each row ofM
′
b−1.
Therefore,
λ′2 ≤ b− 1 +
∑
i,j,i 6=j
(w2i + w
2
j )
= b− 1 + (b− 1)(b− 2) = (b− 1)2 , (4.3)
that is, −(b− 1) ≤ λ′ ≤ b− 1. The upper and lower bounds for the eigenvalues of Mb−1 are
(−1)b−1(q − b)± (b− 1) =
{
(−1)b−1(q − 1)
(−1)b−1(q − 2b+ 1)
. (4.4)
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It is easy to see that (−1)b−1(q − 2b + 1) is one of the principal terms and (−1)b−1(q − 1)
is one of the alternating terms given in [58]. It follows that these values are realized as the
largest and smallest values for the eigenvalues of Mb−1 ✷.
We shall show that the locus B crosses the real q axis at q = 0, and doesn’t cross any
q ∈ R −. We need the following lemma.
Lemma 1 On the non-positive real q axis, the dominant eigenvalue with coefficient of
degree d is
λBm(b),d = (−1)
d
d∑
j=0
(−1)j
(
d
j
)
(b− d)(j)fd+j(b, q) . (4.5)
Proof. The matrix for the eigenvalues with coefficients of degree d can be written as
[58] Md = (−1)
dfd(b, q)I + (−1)
d+1fd+1(b, q)Md,1 + (−1)
d+2fd+2(b, q)Md,2 + ..., where the
non-zero elements are 1 in every Md,j , and the number of these in each row and column is(
d
j
)
(b− d)(j). By the same reason given in Theorem 1, the magnitudes of the eigenvalues of
Md,j are bounded above by
(
d
j
)
(b − d)(j). Since the signs of fd+j(b, q) alternate for even j
and odd j for any non-positive q value, λBm(b),d given in eq. (4.5) is the upper bound for the
eigenvalues with coefficients of degree d. Since λBm(b),d is the eigenvalue with c
′
Bm(b),d,j
= 1
given in [58], the proof is completed. ✷.
Theorem 2 The minimum real q at which B crosses the real q axis is q = 0.
Proof. We will begin with the proof that |λBm(b),0| > |λBm(b),1| > ... on the whole
negative real q axis. The first few examples of λBm(b),d’s are
λBm(b),0 = f0(b, q)
λBm(b),1 = −f1(b, q) + (b− 1)f2(b, q)
λBm(b),2 = f2(b, q)− 2(b− 2)f3(b, q) + (b− 2)(b− 3)f4(b, q)
λBm(b),3 = −f3(b, q) + 3(b− 3)f4(b, q)− 3(b− 3)(b− 4)f5(b, q) + (b− 3)(b− 4)(b− 5)f6(b, q)
λBm(b),4 = f4(b, q)− 4(b− 4)f5(b, q) + 6(b− 4)(b− 5)f6(b, q)− 4(b− 4)(b− 5)(b− 6)f7(b, q)
+(b− 4)(b− 5)(b− 6)(b− 7)f8(b, q) . (4.6)
To show that f0(b, q) has the largest magnitude on the negative real q axis, we only need
|fi(b, q)| > |fi+1(b, q)− (b− i− 1)fi+2(b, q)| as follows,
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|fi(b, q)| − |fi+1(b, q)− (b− i− 1)fi+2(b, q)|
= (−1)b−ifi(b, q)− (−1)
b−i−1
[
fi+1(b, q)− (b− i− 1)fi+2(b, q)
]
= (−1)b−i
[ b−i∑
s=0
(−1)s
(
b− i
s
)
(q − i− s)(b−i−s) + fi+1(b, q)− (b− i− 1)fi+2(b, q)
]
= (−1)b−i
[
(q − i)(b−i) +
b−i−1∑
s=0
(−1)s+1
(
b− i
s+ 1
)
(q − i− s− 1)(b−i−s−1)
+
b−i−1∑
s=0
(−1)s
(
b− i− 1
s
)
(q − i− 1− s)(b−i−1−s) − (b− i− 1)fi+2(b, q)
]
= (−1)b−i
[
(q − i)(b−i) + (−1)b−i + (−1)b−i−1 +
b−i−2∑
s=0
(−1)s+1(q − i− 1− s)(b−i−1−s)
×
( (b− i)!
(s+ 1)!(b− i− s− 1)!
−
(b− i− 1)!
s!(b− i− 1− s)!
)
− (b− i− 1)fi+2(b, q)
]
= (−1)b−i
[
(q − i)(b−i) +
b−i−2∑
s=0
(−1)s+1(q − i− 1− s)(b−i−1−s)
(
b− i− 1
s+ 1
)
−(b− i− 1)
b−i−2∑
s=0
(−1)s
(
b− i− 2
s
)
(q − i− 2− s)(b−i−2−s)
]
= (−1)b−i
[
(q − i)(b−i) +
b−i−2∑
s=0
(−1)s+1(q − i− 2− s)(b−i−2−s)
×
[
(q − i− 1− s)
(b− i− 1)!
(s+ 1)!(b− i− 2− s)!
+ (b− i− 1)
(b− i− 2)!
s!(b− i− 2− s)!
]]
= (−1)b−i
[
(q − i)(b−i) +
b−i−2∑
s=0
(−1)s+1(q − i− 2− s)(b−i−2−s)(b− i− 1)
(
b− i− 2
s
)
q − i
s+ 1
]
> 0 for q < 0 . (4.7)
For q = 0, all above argument are still valid, with the exception that |fi(b, 0)| = |fi+1(b, 0)−
(b− i− 1)fi+2(b, 0)| when i = 0, i.e. |λBm(b),0| = |λBm(b),1| for q = 0. ✷.
We will prove that the maximal value of q where B intersects the (positive) real axis is
smaller than q = b for b ≥ 2. We have the following lemma.
Lemma 2 fi(b, q) ≥ 0 if q ≥ b.
Proof. Since we have (q− i− s)(b−i−s) > 0 when q ≥ b, one only need to show that the
magnitudes of the terms in eq. (2.3) decrease for s from 0 to b− i.
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(
b− i
s
)
(q − i− s)(b−i−s) −
(
b− i
s+ 1
)
(q − i− s− 1)(b−i−s−1)
= (q − i− s− 1)(b−i−s−1)
[ (b− i)!
s!(b− i− s)!
(q − i− s)−
(b− i)!
(s+ 1)!(b− i− s− 1)!
]
= (q − i− s− 1)(b−i−s−1)
(b− i)!
(s+ 1)!(b− i− s)!
[
(s+ 1)(q − i− s)− (b− i− s)
]
= (q − i− s− 1)(b−i−s−1)
(b− i)!
(s+ 1)!(b− i− s)!
[
s(q − i− s) + q − b
]
≥ 0 for 0 ≤ s ≤ b− i− 1 and q ≥ b , (4.8)
where the equal sign is realized only when s = 0 and q = b. Therefore, fi(b, q) = 0 only
when i = b− 1 at q = b, and fi(b, q) > 0 for any other 0 ≤ i ≤ b and q ≥ b. ✷.
It is known that qc(Bm(1)) = 2, qc(Bm(2)) = 2 [9,6], and qc(Bm(3)) = 3 [10]. Thus, for
b = 1, qc = b + 1 while for b = 2 and for b = 3, qc has the respective values qc = b. It is of
interest to ask how qc(Bm(b)) is related to b for b ≥ 4. We determine this relation with the
following theorem.
Theorem 3 qc(Bm(b)) < b for b ≥ 4.
Proof. By a reason similar to that given in Lemma 1 and the result of Lemma 2, the
magnitude of the eigenvalues with coefficients of degree d are bounded above by
λ′Bm(b),d =
d∑
j=0
(
d
j
)
(b− d)(j)fd+j(b, q) for q ≥ b , (4.9)
where it is equal to λBm(b),b−1,1 for d = b − 1 at q = b and equal to λBm(b),0,1 for d = 0 and
any q. The first few examples of λ′Bm(b),d’s are
λ′Bm(b),0 = f0(b, q)
λ′Bm(b),1 = f1(b, q) + (b− 1)f2(b, q)
λ′Bm(b),2 = f2(b, q) + 2(b− 2)f3(b, q) + (b− 2)(b− 3)f4(b, q)
λ′Bm(b),3 = f3(b, q) + 3(b− 3)f4(b, q) + 3(b− 3)(b− 4)f5(b, q) + (b− 3)(b− 4)(b− 5)f6(b, q)
λ′Bm(b),4 = f4(b, q) + 4(b− 4)f5(b, q) + 6(b− 4)(b− 5)f6(b, q) + 4(b− 4)(b− 5)(b− 6)f7(b, q)
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+(b− 4)(b− 5)(b− 6)(b− 7)f8(b, q) . (4.10)
To show that f0(b, q) = λBm(b),0,1 has the largest magnitude for q ≥ b, we first need fi(b, q) >
fi+1(b, q) + (b− i− 1)fi+2(b, q) for 0 ≤ i ≤ b− 2 and q ≥ b,
fi(b, q)− fi+1(b, q)− (b− i− 1)fi+2(b, q)
=
b−i∑
s=0
(−1)s
(
b− i
s
)
(q − i− s)(b−i−s) −
b−i−1∑
s=0
(−1)s
(
b− i− 1
s
)
(q − i− 1− s)(b−i−1−s)
−(b− i− 1)fi+2(b, q)
= (−1)b−i +
b−i−1∑
s=0
(−1)s(q − i− 1− s)(b−i−1−s)
(b− i− 1)!
s!(b− i− s)!
[
(b− i)(q − i− s)− (b− i− s)
]
−(b− i− 1)fi+2(b, q)
= (−1)b−i +
b−i−1∑
s=0
(−1)s(q − i− 1− s)(b−i−1−s)
[(b− i− 1
s
)
(b− i− 1) +
(
b− i
s
)
(q − b)
]
−(b− i− 1)fi+2(b, q)
= (−1)b−i + (−1)b−i−1[b− i− 1 + (b− i)(q − b)] +
b−i−2∑
s=0
(−1)s(q − i− 2− s)(b−i−2−s)
×
[
(q − i− 1− s)
[(b− i− 1
s
)
(b− i− 1) +
(
b− i
s
)
(q − b)
]
− (b− i− 1)
(
b− i− 2
s
)]
= (−1)b−i + (−1)b−i−1[b− i− 1 + (b− i)(q − b)] +
b−i−2∑
s=0
(−1)s(q − i− 2− s)(b−i−2−s)
×
[
(q − b)
[(b− i− 1
s
)
(b− i− 1) +
(
b− i
s
)
(q − b) + (b− i− 1− s)
(
b− i
s
)]
+(b− i− 1)(b− i− 2)
(
b− i− 2
s
)]
≥ 0 for 0 ≤ i ≤ b− 2 and q ≥ b , (4.11)
where the equal sign is realized only when i = b− 2 at q = b. Therefore, we have λ′Bm(b),0 >
λ′Bm(b),1 > ... > λ
′
Bm(b),b/2
for even b and λ′Bm(b),0 > λ
′
Bm(b),1
> ... > λ′Bm(b),(b−1)/2 for odd b.
Recall fi(b, q) = 0 if b < i. To show λ
′
Bm(b),b/2
> ... > λ′Bm(b),b for even b and λ
′
Bm(b),(b+1)/2
>
... > λ′Bm(b),b for odd b, we must have the coefficient of fb(b, q) in λ
′
Bm(b),d
is smaller than the
sum of the coefficients of fb−2(b, q) and fb(b, q) in λ
′
Bm(b),d−1
as follows,
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(
d− 1
b− d− 1
)
(b− d+ 1)(b−d−1) +
(
d− 1
b− d+ 1
)
(b− d+ 1)(b−d+1) −
(
d
b− d
)
(b− d)(b−d)
=
(d− 1)!(b− d+ 1)!
(b− d− 1)!(2d− b)!2
+
(d− 1)!(b− d+ 1)!
(b− d+ 1)!(2d− b− 2)!
−
d!(b− d)!
(b− d)!(2d− b)!
=
(d− 1)!
(2d− b)!
(b− d+ 1)(b− d)
2
+
(d− 1)!
(2d− b− 2)!
−
d!
(2d− b)!
=
(d− 1)!
2(2d− b)!
[
(b− d+ 1)(b− d) + 2(2d− b)(2d− b− 1)− 2d
]
=
(d− 1)!
2(2d− b)!
(3b2 − 10bd+ 9d2 + 3b− 7d) , (4.12)
which is larger than 0 for even b with b/2 < d ≤ b and odd b with (b+ 1)/2 < d ≤ b except
for (b, d) = (2, 2) and (4, 3) where it is 0. For odd b and d = (b + 1)/2, there is no fb(b, q)
term in λ′Bm(b),(b−1)/2, and we need the coefficient of the fb(b, q) in λ
′
Bm(b),(b+1)/2
is smaller
than the coefficient of fb−2(b, q) in λ
′
Bm(b),(b−1)/2
,(
d− 1
b− d− 1
)
(b− d+ 1)(b−d−1) −
(
d
b− d
)
(b− d)(b−d)
=
(d− 1)!(b− d+ 1)!
2(b− d− 1)!(2d− b)!
−
d!(b− d)!
(b− d)!(2d− b)!
=
(d− 1)!
2(2d− b)!
[
(b− d+ 1)(b− d)− 2d
]
=
1
2
(
b− 1
2
)!
[
(
b+ 1
2
)(
b− 1
2
)− (b+ 1)
]
=
1
8
(
b− 1
2
)!(b− 5)(b+ 1) ≥ 0 for b ≥ 5 . (4.13)
Therefore, for b ≥ 4, we find λBm(b),0,1 is dominant for q ≥ b, i.e. qc(Bm(b)) < b. ✷.
We remark that our theorem, in combination with the known results that qc(Bm(b)) = b
for b = 2, 3, yields the theorem that
qc(Bm(b)) ≤ b for b ≥ 2 . (4.14)
We observe that the length between b and qc(Bm(b)) are −1, 0, 0, 0.3264, 0.4937, and
0.6764 for the respective values 1 ≤ b ≤ 6. These values suggest that this length might well
increase monotonically up to 1 as b→∞, since the lower bound for qc(Bm(b)) is b− 1 [62].
We observe the following general form of four λBm(b),3,j corresponding to the partition
[21],
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λBm(b),3,j1 = −f3(b, q) + 2(b− 3)f4(b, q)− (b− 3)(b− 4)f5(b, q) (4.15)
λBm(b),3,j2 = −f3(b, q) + (b− 4)f4(b, q) + (b− 4)f5(b, q) (4.16)
λBm(b),3,j3 = −f3(b, q) + (b− 6)f4(b, q) + 3(b− 4)f5(b, q) (4.17)
λBm(b),3,j4 = −f3(b, q)− 3f4(b, q)− 3f5(b, q) . (4.18)
These formulae are correct for 3 ≤ b ≤ 9, and we conjecture that these are the only λBm(b),3,j
corresponding to the partition [21] for arbitrarily b. For toroidal strips, their coefficients are
cBm(b),3,j =
1
6
q(q−2)(q−4), and c′Bm(b),3,jk = 2(b−1), b(b−3), (b−1)(b−2), and
2
3
b(b−2)(b−4)
for 1 ≤ k ≤ 4.
From toroidal strips to Klein bottle strips, we observe the transformations from c′Bm(b),d,j
to c′
B¯m(b),d,j
have certain patterns for 0 ≤ d ≤ 4 and 2 ≤ b ≤ 6, and summarized them in
table XI. Notice that the results are different for even and odd b.
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TABLE XI. Relation of c′
Bm(b),d,j
and c′
B¯m(b),d,j
partition d c′Bm(b),d,j c
′
B¯m(b),d,j
for odd b c′
B¯m(b),d,j
for even b
[d] d ≥ 0 1 1 1
d ≥ 1 b− 1 0 −1
d ≥ 2 b(b− 3)/2 (b− 3)/2 b/2
d ≥ 3 b(b− 1)(b − 5)/6 0 −b/2
d ≥ 4 b(b− 1)(b− 2)(b− 7)/24 (b− 1)(b − 7)/8 b(b− 2)/8
[1d] 2 b− 1 0 −1
2,3 (b− 1)(b− 2)/2 −(b− 1)/2 −(b− 2)/2
3,4 (b− 1)(b− 2)(b− 3)/6 0 (b− 2)/2
4,5 (b− 1)(b− 2)(b − 3)(b− 4)/24 (b− 1)(b − 3)/8 (b− 2)(b− 4)/8
[21] 3 2(b− 1) 0 −2
3 b(b− 3) b− 3 b
3 (b− 1)(b − 2) −(b− 1) −(b− 2)
3 2b(b− 2)(b − 4)/3 2 0
[31] 4 3(b− 1) 0 −3
4 3b(b− 3)/2 3(b− 3)/2 3b/2
4 3(b− 1)(b− 2)/2 −3(b− 1)/2 −3(b− 2)/2
4 b(b− 1)(b − 5)/2 0 −3b/2
4 b(b− 2)(b− 4) 3 0
4 3b(b− 1)(b− 3)(b − 6)/8 −3(b− 1)(b − 3)/8 −3b(b− 6)/8
[22] 4 b(b− 3) b− 3 b
4 2b(b− 2)(b − 4)/3 2 0
4 b(b− 1)(b − 4)(b− 5)/6 (b− 1)(b − 5)/2 b(b− 4)/2
[211] 4 3(b− 1)(b− 2)/2 −3(b− 1)/2 −3(b− 2)/2
4 (b− 1)(b− 2)(b− 3)/2 0 3(b− 2)/2
4 b(b− 2)(b− 4) 3 0
4 3b(b− 2)(b− 3)(b − 5)/8 −3(b− 3)(b − 5)/8 −3b(b− 2)/8
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For the partition [d], if we label c′Bm(b),d≥0 as the c
′
Bm(b),d,j
= 1 in the first row of table
XI, and similarly for other c′Bm(b),d≥d′ , we conjecture the following forms of the corresponding
c′
B¯m(b),d≥d′
for general d′,
c′B¯m(b),d≥d′ =
{(
(b−1)/2
d′/2
)
−
(
(b−1)/2
d′/2−1
)
for even d′ ≥ 2
0 for odd d′ ≥ 1
for odd b , (4.19)
and
c′B¯m(b),d≥d′ =
{(
b/2
d′/2
)
for even d′ ≥ 0
−
(
b/2
(d′−1)/2
)
for odd d′ ≥ 1
for even b . (4.20)
For the partition [1d], if we label c′Bm(b),2 as the c
′
Bm(b),d,j
= b − 1 in the first row of the
[1d] partition of table XI, and similarly for other c′Bm(b),d′ , we conjecture the following forms
of the corresponding c′
B¯m(b),d′
for general d′,
c′B¯m(b),d′ =
{
(−1)(d
′−1)/2
(
(b−1)/2
(d′−1)/2
)
for odd d′ ≥ 3
0 for even d′ ≥ 2
for odd b , (4.21)
and
c′B¯m(b),d′ =
{∑(d′−1)/2
j=0 (−1)
j
(
b/2
j
)
for odd d′ ≥ 3∑(d′−2)/2
j=0 (−1)
j−1
(
b/2
j
)
for even d′ ≥ 2
for even b , (4.22)
If the sum of the coefficients for a specific d is denoted as C(B¯m(b), d, q), that is,
C(B¯m(b), d, q) =
NB¯m(b),d,λ∑
j=1
cB¯m(b),d,j(q)c
′
B¯m(b),d,j
, (4.23)
we have the following conjecture,
C(B¯m(even b), d, q) =
{
(−1)d/2
(
b/2
d/2
)
for even d
0 for odd d
(4.24)
C(B¯m(odd b), d, q) =
{
(−1)d/2
(
(b−1)/2
d/2
)
for even d
(−1)(d−1)/2(q − 1)
(
(b−1)/2
(d−1)/2
)
for odd d
. (4.25)
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V. CONCLUSIONS
In this paper we have presented exact zero-temperature partition functions for families of
chain graphs composed of repeated complete subgraphs Kb, b = 5, 6 with periodic or twisted
periodic boundary condition in the longitudinal direction. In the Lx → ∞ limit, the con-
tinuous accumulation set of chromatic zeros B was determined. We showed the eigenvalues
with coefficients of degree b−1 are bounded between (−1)b−1(q−1) and (−1)b−1(q−2b+1),
and gave the explicit forms of the eigenvalues for partitions of the form [21]. The minimum
real q at which B crosses the real q axis was proven to be q = 0, and qc(Bm(b)) < b for 4 ≤ b.
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